ABSTRACT: The intense local field induced near metallic nanostructures provides strong enhancements for surfaceenhanced spectroscopies, a major focus of plasmonics research over the past decade. Here we consider that plasmonic nanoparticles can also induce remarkably large electromagnetic field gradients near their surfaces. Sizeable field gradients can excite dipole-forbidden transitions in nearby atoms or molecules and provide unique spectroscopic fingerprinting for chemical and bimolecular sensing. Specifically, we investigate how the local field gradients near metallic nanostructures depend on geometry, polarization, and wavelength. We introduce the concept of the local angular momentum (LAM) vector as a useful figure of merit for the design of nanostructures that provide large field gradients. This quantity, based on integrated fields rather than field gradients, is particularly well-suited for optimization using numerical grid-based full wave electromagnetic simulations. The LAM vector has a more compact structure than the gradient matrix and can be straightforwardly associated with the angular momentum of the electromagnetic field incident on the plasmonic structures.
S
urface plasmonsthe collective electromagnetic excitation of conduction electrons in a metalhave been studied extensively over the past decade, primarily because of their ability to induce large local electric field "hot spots" near the surface of metallic nanoparticles (NPs). The intense local electric fields generated by the excitation of these surface plasmon modes have been exploited for a variety of applications, including surface-enhanced spectroscopies, 1−6 molecular sensing, 7−9 photovoltaics, 10−14 photocatalysis, 15−19 biomedical analyses, 20−27 and many other nanophotonic applications. 28−30 Surface plasmon modes confine these electric fields to subwavelength regions through the ability of metallic NPs to couple propagating electromagnetic fields to bound electronic oscillations. This collective electronic motion is restricted to the NP surface, where electrons accumulate and induce remarkably large charge densities. Thus, in addition to enhanced local electric field intensity, dramatically enhanced electric field gradients emerge as the proximal evanescent fields rapidly decay away from the surface within a few nanometers.
To date, few applications of this strong local field gradient have been explored, although several preliminary studies have considered using them to detect dipole-forbidden molecular transitions.
31−38
The connection between electric field gradients and dipoleforbidden transitions becomes apparent when considering the quantum mechanical transition rate between atomic or molecular eigenstates i and f separated by energy E if = ℏω if . When the system interacts with a perturbing external field, the transition rate between i and f can be expressed through Fermi's golden rule as 
where H int is the Hamiltonian that quantifies the interaction between the system and the external field. For a single electron, this Hamiltonian may be written as 33 
for charge e, canonical momentum p, field vector A, and the scalar field potential ϕ. When dealing with charge distributions typical of atoms and molecules, it is often more convenient to rewrite the Hamiltonian using a multipolar expansion of the fields, and choosing the appropriate gauge 
Here, μ = ∫ rρ(r)d r are the electric dipole, the electric quadrupole, and the magnetic dipole transition moments, respectively, associated with the charge ρ(r) and current densities J(r) of the system. 41 The relative magnitudes of the terms in eq 3 usually decrease with expansion order. In molecules with a permanent dipole moment, the first term will dominate, and the higher-order terms can be neglected. However, many molecules have no dipole moment and do not exhibit dipolar transitions, 42 such as the homonuclear diatomic molecules (H 2 ), oxygen (O 2 ), and nitrogen (N 2 ). Larger molecules like carbon dioxide (CO 2 ), methane (CH 4 ), and benzene (C 6 H 6 ) also possess no dipole moment because of their symmetrical geometry. The optical detection of these types of molecules is exceedingly difficult because their response to electromagnetic radiation is very weak. In most cases, the quadrupolar term of eq 3 is the leading nonzero multipolar term, and quadrupolar transitions have been observed in some cases when the quadrupole moment of the molecule is large and the path length is very long. 43−46 In the Methods section, we provide explicit expressions for the electric dipolar and quadrupolar transition rates, showing how they can be expressed in terms of the gradient matrix of the electric field.
To understand why it is difficult to induce quadrupolar transitions using standard optical sources, consider the amplitude of the field gradient of a plane wave (PW), given by
where
−iωt is the associated field. Clearly, the gradient of the PW is in the direction of wave propagation, and its magnitude is proportional to the wave vector modulus k = 2π/λ. Since the gradient "sensed" by a molecule of length a is proportional to ka = 2πa/λ, a molecule senses virtually no gradient and, therefore, no quadrupole transition, unless λ ≲ a. 47, 48 However, because metallic NPs produce strong local field gradients, molecules near a NP surface may experience a sufficient gradient to induce a quadrupolar transition. In particular, the electric field gradient outside a spherical metallic NP of diameter d ≪ λ interacting with a plane wave of amplitude E 0 can be approximated as
where r is the distance from the center of the NP. Thus, a molecule near the NP surface will "sense" a gradient proportional to a/d, not a/λ. Because the quadrupolar transition rates depend on the square of the gradient, we expect the NP gradient to enhance the quadrupolar transition rate by
,PW 2 (6) with respect to the PW gradient. In the Methods section, we provide a detailed derivation of eqs 5 and 6.
Rotational transitions occur at much larger wavelengths than electronic or vibrational transitions, typically in the millimeter or sub-millimeter region, so the enhancement factor η Q can be enormous. Consider, for example, that NPs with a diameter of 10 nm can enhance vibrational transition rates by ∼10 6 (λ = 10 μm) but rotational transitions by ∼10 10 (λ = 1 mm). Therefore, quadrupolar transitions are much more favorable for molecules near the surface of metallic nanoparticles, assuming that energy and angular momentum are also conserved.
Similar arguments indicate even stronger enhancement factors for higher multipolar moments since higher-order transitions depend on higher-order derivatives of the fields. A PW has electric field gradients which scale as ∼ . Consequently, the NP-induced transition rate enhancement factor η n is
relative to the n-th derivative order, PW-induced transition. In the Methods section, we provide more details regarding the derivation of eq 7. For now, it is important to note that this enhancement does not depend on the excitation of a localized surface plasmon resonance (LSPR) or on the nonradiative losses of the material but only on the lightning rod metallic screening effect of the NP, which extends to long wavelengths (λ ≫ λ LSPR ). Therefore, the enhancement is relatively independent of the metal used, provided it contains sufficient conduction electron density. However, the excitation of a LSPR provides additional enhancements, as will be shown below. For such excitations, the enhancements will depend on the nonradiative losses in the same manner as the field enhancements: decreasing with increasing loss.
Complex metallic geometries possessing sharp edges where charges can accumulate (e.g., ellipsoids, polyhedra, dimers, cones, branched structures) will produce even larger electric field gradient enhancements than spherical NPs. In most of these cases, the calculations of the induced near-field gradient cannot be performed analytically, so numerical approaches must be used, such as those based on spatial grid discretization (e.g., finitedifference time domain (FDTD) or finite element method (FEM)). Unfortunately, spatial discretization produces some difficulties when calculating the field gradients: they can exhibit significant discontinuities across the grid, making it very difficult to analyze and map the spatial distribution of the field, especially near surfaces. Moreover, the gradient matrix contains nine components that have no direct relationship to specific multipolar moments since the associated transition rates typically depend on linear combinations of the individual matrix components. Consequently, the rational design of nanostructures for enhanced multipolar transition rates would greatly benefit from the introduction of a figure of merit whose values would indicate the presence of large gradients.
Here we propose such a quantity, the local angular momentum (LAM), that we define as
where V is the volume of a small sphere of radius R S centered around a point r outside the NP, and ε is the permittivity of the medium. Its dimensional unit [N·m·s/m 3 ] is equivalent to an angular momentum (AM) density since it is derived from the definition of electromagnetic field AM. 41, 49, 50 By choosing a finite volume over which the LAM is defined, we obtain an appreciable advantage because LAM allows us to match the integration sphere and molecular size so the relevant interacting AM may be estimated. In addition, it is computationally advantageous to calculate integral quantities instead of differential ones. Physically, we expect that the transition rates will only be influenced by field gradients within the spatial domain of the molecule (i.e., of length a = 2R S located at r). In the Methods section we provide more details about the significance of this integration radius on the LAM calculation.
The connection between the LAM and the field gradients can be made explicit by performing a Taylor series expansion of the fields around r (see Methods): 
E ij E j
i are the Cartesian gradients of the fields, and ε and μ are the electric permittivity and magnetic permeability of the ambient medium, respectively. Despite showing only four electric field gradient components, the symmetry of eq 9 actually captures seven of the nine elements of the ∇E tensor. The remaining two components (E xz = E zx ) refer to the EM field gradient in the direction of propagation, for which the AM is exactly zero for a PW.
This argument appears paradoxical: a plane wave carries no total AM, but circularly polarized PWs have been proven to transfer a net amount of AM. 51 This apparent contradiction is solved if one considers real, finite PWs instead of ideal, infinite PWs. For example, the AM carried by a truncated circularly polarized PW is not zero, and the spin angular momentum (SAM) contribution is recovered. 52−54 Indeed, several studies have investigated the roles played by SAM and orbital angular momentum (OAM) in tailored electromagnetic fields, 55−58 how they can be generated, 59 how they couple to a medium, 60−63 and their implications in multichannel radio transmissions. 64, 65 In the following, different geometries will be analyzed, and it will be shown how the two missing components of eq 9 become dominant only far from the structure, where the field gradient is comparable to the PW background. The key point is that within the integration region, if one component of the gradient is large, the LAM is also large, so the LAM figure of merit can be used to identify regions where enhanced multipolar transition rates can occur. Although single metallic structures will be analyzed here, we note that electromagnetic field shaping has been obtained by employing 2D 59, 66 and 3D 67 periodic or quasi-periodic arrays, 66, 67 and collective excitations 68 and selective transmission resonances 69 have been achieved. We believe the LAM concept can be fully extended to these 2D and 3D systems, where particle interactions may permit further tuning of the electric field gradient.
RESULTS AND DISCUSSION
We start by examining the near-fields around a gold sphere modeled using the Johnson and Christy permittivity. 70 For convenience, we normalize all calculations to the equivalent LAM 0 value obtained by employing the electric field gradient of a plane wave (E 0 = 1 V/m and wavelength λ) as the quantity to be integrated into the R S radius sphere. From eqs 4 and 9, we can derive this quantity as LAM 0 = 2π|E 0 | 2 ε 0 R S 2 /cλ. This normalization will help us quantitatively assess how nanostructures enhance local angular momentum compared with the plane wave case. As shown in Figure 1 , a d = 70 nm sphere is illuminated by a PW at its LSPR wavelength (λ LSPR = 520 nm, left) and at a wavelength far from resonance (5 μm, right). Figure 1a shows the LAM distribution 5 nm away from the sphere surface, whereas Figure 1b plots the LAM distribution in spherical coordinates. The calculations are performed using Mie theory with an integration radius R S = 1 nm. Compared to a linearly polarized PW with vanishing AM, 53 the presence of a metallic sphere clearly generates a large LAM around its surface. Interestingly, both the magnitude and spatial distributions of the LAM are similar for resonant and nonresonant wavelengths. For nonresonant excitation, the electric field distribution is determined by the lightning rod effect and remains virtually unchanged at wavelengths beyond 5 μm. In the following, we will refer to this as the long wavelength limit. By contrast, the LAM at the LSPR is enhanced, but only modestly so (approximately three times larger) and only over a narrow spectral window. In panels a and b, both the gradient and the LAM are calculated 1 nm away from the sphere surface, and their magnitude decreases with increasing wavelength away from resonance, quickly reaching a finite constant value. This property is crucial for enhancing molecular transition rates: even in the long wavelength regime where rovibrational transitions occur, metal NPs still produce large electric field gradients and thereby enhance multipolar transition rates for molecules therein. Figure 2c ,d analyzes how the gradient and the LAM decrease as the integration region moves away from the NP surface. In Figure 2c , we plot the partial gradient magnitude as a function of distance from the NP (solid lines), calculated by including only the seven components shared with the LAM, while the dotted lines include all nine components of the gradient. Comparison of Figure 2c ,d in the near-field region reveals excellent qualitative agreement between the seven-component gradient and the LAM, as expected from eq 9. The agreement ends at the horizontal green dashed line that represents the PW gradient in the long wavelength limit (λ = 5 μm). Here, total gradient departs from the partial gradient and from the LAM, but this is an uninteresting region where |∇E NP | 2 ≅ |∇E PW | 2 and the dominant AM contribution comes from the PW, so η ≅ 1, and the NP does not provide any enhancement. This analysis clearly supports LAM as a convenient figure of merit in the search for spatial regions with large field gradients.
Note that the interesting near-field region, where gradient enhancement is strongest, extends to the vertical dashed lines and expands with increasing NP diameter d. Although the larger NPs therefore have a larger volume of enhanced gradients, the curves cross close to the NP surface, and the highest gradients and LAM are associated with the smallest NPs, just as eqs 6 and 7 predicted. Figure 2d shows how LAM rapidly increases toward the surface where
, increasing up to 6 orders of magnitude for the smallest NP relative to the η ≅ 1 PW value.
The results shown in Figure 1 and Figure 2 were obtained using an analytical approach based on Mie theory. However, more complicated nanostructures require the use of numerical simulation tools like the FDTD method, and concerns about grid discretization must be addressed. In the Methods section we demonstrate the robustness of the FDTD calculations by comparing them with Mie theory and FEM results.
To investigate the influence of the nanoparticle shape and structure for the LAM enhancements, we introduce
, defined as the ratio between the maximum and mean LAM values calculated on a rectangular perimeter in the ij plane at a distance w from the nanostructure. (We set w = 4 nm in this paper.) The purpose of this parameter is to locate regions with large LAM, and the nanostructure geometry will guide which planes to choose. For example, symmetry planes are a natural choice for symmetric nanostructures, while nonsymmetric structures will require a larger number of planes to sample the LAM pattern.
The γ ij parameter is useful to characterize different geometries and provides insights about geometry optimization. For example, in spectroscopic measurements with large LAM but randomly positioned and oriented molecules, a value of γ ≈ 1 is desired so that the nanostructures do not need to be precisely located. On the other hand, γ ≫ 1 can be required whenever strongly localized LAM enhancement is needed. The γ ij quantity is particularly useful for mapping the LAM distribution outside nanostructures of complex shapes. In the long wavelength regime, the spherical case analyzed above produces γ xy = 1.8 and γ xz = 4.4, showing that LAM is relatively homogeneously distributed in the xy plane.
Moving to more complex systems, we analyze the case of a dimer composed of two identical d = 70 nm Au spheres separated by a 10 nm gap. The corresponding LAM and field gradients are shown in Figure 3 . As for the individual sphere, the spatial dependences of the dimer LAM and gradient are very similar: the enhancements can be very large near the NP surfaces, especially in the gap region. A similar pattern was found for the quadrupolar field enhancements of a sphere dimer by Filter et al., 32 confirming that LAM serves as a good indicator of electric field gradient intensity. NP dimers are widely used to enhance dipole-allowed transitions that depend on field intensity. 2, 4 Although the magnitude of the field enhancement in the gap is very large, it is interesting to note that the LAM is very small at the gap center, where the spatial distribution is homogeneous and gradients are weak. Nevertheless, γ xy = 7.1 ≈ γ xz = 6.9 despite the lack of a clear hot spot in the xz plane (Figure 3d ). This is due to the relatively inhomogeneous pattern of the LAM and gradient, whose absolute values are generally low.
More complex nanostructures generate even more inhomogeneous near-fields and are expected to produce even larger LAM enhancements. Figure 4 compares the LAM (a,c) and the gradient (b,d) intensities for a gold cone (70 nm wide, 100 nm high, 3.5 nm tip radius) illuminated by a plane wave propagating perpendicularly to the cone axis. The LAM is calculated using FDTD with a 0.25 nm mesh size and an integration radius R S = 1 nm. The side views in the long wavelength limit (λ = 5 μm) (Figure 4c,d ) demonstrate that both the LAM and the field gradient are significantly enhanced near the tip of the cone. Moreover, the LAM is enhanced around the circumference of the cone, with a radial profile resembling the gradient contour (Figure 4a,b) . Notice that the gradient enhancement is stronger around the base of the structure (Figure 4d ) than the LAM (Figure 4c) because the E xz = E zx components are not included. In the Methods section we furnish quantitative details about this marginal disagreement. Nevertheless, the majority of the signal comes from the tip region where LAM nicely captures the field gradient behavior.
As expected, structures exhibiting sharp regions lead to highly inhomogeneous LAM and gradient distributions as charges efficiently accumulate in small regions and produce large electric fields and gradients. This asymmetry is well captured by the γ ij parameters for the cone, γ yz = 1.92 and γ xz = 35.4, although γ xz ≈ γ xy due to the symmetry about the X axis.
We now turn to an even more complex nanostructure, a gold octopod (Figure 5a ), whose low symmetry makes the connection between the three components of LAM and the nine components of the electric field gradient even more explicit. The octopod has eight branchesfour in the xy plane and four in the xz planethat can be thought of as a sphere surrounded by radially directed cones, a combination of the previously investigated geometries. As before, the structure is irradiated with a plane wave propagating in the z-direction, polarized in the x-direction, in the long wavelength limit (λ = 5 μm), as shown in Figure 5a . The branch length of the octopod is 30 nm, and the angle between adjacent feet is 45°. We calculate the different components of the LAM and the field gradient using the FDTD method with a 0.25 nm mesh size and a R S = 1 nm integration sphere. in the xy and xz planes, respectively, while Figure 5c ,e contains the corresponding LAM components. In the xy plane, LAM x and LAM y are the dominant LAM components, appearing very similar to the respective E xy and E yy components of the gradient matrix. The solid colored squares highlight this connection, as predicted by eq 9, while dashed colored squares indicate which gradient components can be derived from the corresponding solid colored squares using symmetry arguments. A similar correspondence can also be found in the xz plane: here, LAM y is the dominant component and exhibits the same pattern as E yy . In this plane, |LAM x | 2 and |LAM y | 2 appear weak and blurred as their corresponding gradient components (E xy and E zy ) exhibit no spatial contrast outside the octopod. In the Methods section, we provide a detailed explanation of the relation between the field gradient components, plus further comparisons with the LAM components for a different incidence plane. The analyzed octopod produces γ xy = 6.7 and γ xz = 11.9 due to the high level of LAM localization caused by the sharp tips of the structure (Figure 5c,e) .
The results shown in Figures 3−5 clearly show that the enhancement patterns for the LAM and field gradients are very similar for a broad range of geometries. This finding is a strong argument supporting the use of the much simpler LAM quantity as a figure of merit when optimizing nanostructures to provide large field gradients. We now turn our attention to quadrupolar molecular rotational transitions and show how the LAM can be physically related to the mechanical rotation of molecules.
By considering a simple rigid rotor molecular model, consisting of two homonuclear masses m with bond length a, the energy associated with its rotational motion is 
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Article DOI: 10.1021/acsnano.6b01851 ACS Nano XXXX, XXX, XXX−XXX where L is the angular momentum, I = μa 2 is the moment of inertia, and μ = m/2 is the reduced mass of the homonuclear diatomic molecule. Since the AM is quantized as L 2 = J(J + 1)ℏ 2 , the rotational energy can be expressed as
The selection rule for quadrupolar transitions is ΔJ = ±2, which corresponds to an excitation energy
where J is the initial rotational state. From a semiclassical point of view, the field induces a torque, mediated by the absorption of a photon, that changed the molecular AM. 47 The energy increase ΔE J involved in a pure rotational transition is directly related to its increase of the AM, given by
if f f i i (13) Now the torque can be defined as the change of the molecular AM multiplied by the transition rate (1)
For quadrupolar transitions, the relationship between torque and LAM thus becomes τ ξ π δ ω ω 
LAM ( )
i i i i R i f 2 2(15)
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Article DOI: 10.1021/acsnano.6b01851 ACS Nano XXXX, XXX, XXX−XXX where ξ R is a coefficient capturing the conversion from gradient to LAM as defined in the Methods section and Γ if = Γ if,quadrupole was employed. We note that the double-dot operator could be dropped since the random mutual orientation between a molecule and the EM field allows for substituting quadrupole moment and gradient tensors with scalar quantities; see Methods for this LAM-dependent derivation and further details. As an example, for H 2 molecules, the torque associated with the J = 0 → 2 transition is
Thus for a given quadrupolar moment Q, the torque τ will be proportional to |LAM|
2
, showing the relevance of LAM both for transition rates and for torque. More generally, both the torque and quadrupolar transition rates will be enhanced by a factor of (λ/d) 2 compared to PW excitation when the molecule is near a spherical metallic NP of diameter d. For dipole-forbidden, purely rotational molecular transitions, the resonance wavelengths fall typically in the interval from 30 μm (for H 2 ) to 4 mm (for CO 2 ), 72,73 yielding to transition rate enhancements up to ∼10 7 and ∼10
11
, respectively, for d = 10 nm NPs. Even larger enhancements are possible for higher n-order transitions that exhibit (λ/d) 2n scaling, indicating that LAM optimization for metallic nanostructures can dramatically enhance weak multipolar rotational transition rates.
This analysis shows that LAM optimization could also be useful for designing metallic nanostructures that could induce rotation in classical objects. In fact, the electromagnetic AM density from which LAM is derived contains both spin (SAM) and orbital (OAM) angular momentum components. 41, 53 Properly designed nanostructures can scatter linearly polarized electromagnetic fields containing no OAM to exert a local torque on embedding media or attached analytes, causing a rotation of the scatterer. 74, 75 As an alternative to the approach presented here, a hydrodynamic heuristic that considers Poynting vector topological features could be used to quantify optical energy circulation near nanoscale metallic structures. Here, Poynting vector phase singularities are related to optical vortices, which in turn can be associated with effective "nanogear transmission". 76−79 In this context, LAM can help describe and optimize these phenomena since it is directly related to the amount of AM exchanged between the field and the system. The LAM concept can also be easily extended to describe torques and interactions exerted by circularly polarized or Laguerre−Gaussian beams which carry both finite SAM and OAM 80−83 and can influence the optical response of plasmonic systems. 84 
CONCLUSIONS
We have introduced the concept of local angular momentum as a figure of merit for the design and optimization of nanostructures capable of providing large local field gradients. In contrast to the nine-component electric field gradient matrix, the LAM has three components directly related to the AM of the field and is based on integrated fields that are much more suitable for conventional electromagnetic simulation. We have explicitly shown how the LAM can be used as a measure of the ability of a nanostructure to enhance multipolar transitions, a feature that is particularly important for the spectroscopic detection of molecules that do not possess a permanent dipole moment. Because the LAM can be used to estimate quantum mechanical molecular transition rates and classical torque capable of rotating a nearby object, we believe that LAM will become an important figure of merit for the rational design of nanostructures for these applications.
METHODS

Derivation of Transition Rates for Multipolar Transitions.
Using the interaction Hamiltonian of eq 3, we first derive an explicit expression for the dipole transition rate:
0 is a unit vector in the direction of the electric field, and M dipole is the transition dipole matrix element defined as
for initial and final wave functions φ i and φ f , respectively. Note that Γ if depends on the intensity of the interacting electric field and on the spatial distribution of the wave functions, usually expressed by spherical harmonics. Most molecules have permanent dipole moments whose strength depends on the symmetry relationship among φ i , φ f , and r such that the integral over the molecular volume is nonzero. Since r has a natural odd parity for coordinate inversion, the initial and final eigenfunctions must have different parity for a dipolar transition which, from the properties of spherical harmonics Y lm (θ,ϕ), are given by (−1) l . 86 This and the conservation of AM produce the Δl = ±1 selection rule for dipole-allowed transitions. The selection rule for the projection quantum number m is Δm = 0, ±1 for linearly polarized light, and for electronic excitations, spin S must be included, so conservation of total angular momentum J = L + S gives ΔJ = 0, ±1. Since the overall transition rate scales as E 0 2 , dipolar transitions are enhanced by high electric field amplitudes E 0 .
Regarding the second term in eq 3, the quadrupole moment of a molecule is a traceless symmetric tensor within a Cartesian coordinate system given by a 3 × 3 matrix: 
For a linear molecule, only the diagonal components are nonzero, the largest of which is the component along the molecular axis.
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The gradient of the electric field is also a matrix, so the quadrupolar transition rate takes the form
where M quadrupole is defined as
; η̂is a 3 × 3 matrix that captures the relationship between gradient and quadrupole moment components. The quadrupolar selection rules differ from the dipolar selection rules because Q has an even parity: Δl = 0, ±2 and ΔJ = 0, ±1, ±2 (with exceptions:
). Selection rules with ΔJ > 1 require a contribution from OAM in addition to the SAM from the photon in order to conserve AM.
Using eq 19 to calculate the quadrupole-mediated transition rate involves the contraction of the quadrupole and gradient tensors. However, the first nonzero term of a multipolar expansion is generally origin independent, 87 so we can choose it to specify the multipole moment tensor. Thus, for a linear molecule oriented parallel to the z-axis, we can choose the dominant term as
zz xx yy (20) Moreover, the orientation of the molecule with respect to the EM field is usually random, so only the average of the nine gradient components enters the transition rate, and we can recast the quadrupolar transition rate into a more compact form: 
This expression allows us to relate the quadrupolar transition rates to the LAM as is the vacuum impedance, R is the integration radius, and E 0 is the amplitude of the incident electric field. If the vacuum ambient is replaced with a dielectric medium, c and Z will be altered by its permittivity.
Derivation of Equations 5−7. For transitions mediated by higher-order moments, we calculate how the field gradient is enhanced near a NP compared to a PW. We start by considering the spatial (r) and temporal (t) dependence of the PW electric field
is the wave vector, and ω is the wave angular frequency. Successively differentiating eq 23, it is easy to see that the modulus of the nth spatial derivative is
A metallic NP interacting with an electromagnetic wave whose wavelength is much larger than the LSPR (λ ≫ λ LSPR ) displays a dipolar response with a field described by 
Here, n is a unit vector pointing along r, and p = ∫ rρ(r)d . The gradient enhancement factor for the nth-order term may then be expressed in terms of the electric field enhancement ϵ as 
Note that even at wavelengths far from the LSPR, where ϵ ∼ 1, higherorder transitions can be significantly enhanced for small NPs with d ≪ λ.
Comparison between FDTD and FEM Calculation. In order to test the accuracy of the numerical approach, Figure 6 compares the LAM calculated by Mie theory (left) and by FDTD (right) for a gold sphere of d = 70 nm and an FDTD grid size of 0.25 nm. Clearly, the approaches produce almost identical results, confirming that the FDTD method may be reliably used to calculate LAM for more complex geometries.
In Figure 7 , FDTD and FEM results are compared in the case of a conical geometry with different tip radii (2, 3.5, and 5 nm). The two methods clearly agree in each of the calculated cases for field enhancements evaluated 1 nm from the tip. . This quadratic dependence can be understood from eq 9, where LAM has been decomposed in term of the gradient components with quadratic r x 2 , r y 2 , r z 2 terms that, when integrated over spherical coordinates (eq 8), give the R S 4 relationship of |LAM| 2 . This relationship is important if we consider another issue that concerns the LAM integration. At positions so close to the NP that the integration radius R S is larger than the distance u from the surface, inaccurate LAM values are produced when the integration volume intersects the NP surface. Since the mesh size cannot be infinitely small for FDTD simulations, LAM cannot be calculated immediately adjacent to the NP. However, when |LAM| 2 is normalized by its maximum value for a given integration radius (Figure 8b) , we see LAM follows a predictable, monotonic trend for decreasing integration radii. Thus, LAM calculations performed with relatively large R S can be used to extrapolate LAM values close to the NP where R S > u.
Derivation of Equation 9 . The connection between LAM and gradient ∇E is best observed by explicitly expressing the LAM components in terms of the components of the electric field gradient 
where E ij = ∂E i /∂j. Considering an x-polarized PW traveling in the z direction in the long wavelength limit, E x ,E y ≫ E z , H y is almost a constant, and H y ≫ H x ,H z . As long as a term that contains H y also includes a large E ij , it will be much larger than any term that does not contain H y . Moreover, we observe that for any small NP in quasistatic approximation Laplace equation ∇ 2 Φ = 0 holds with E = −∇Φ 88 and thus E xx + E yy + E zz = 0 with E ji = E ij . We therefore observe, from eq 29, that LAM directly contains seven of the nine components belonging to the electric field gradient matrix which have a correspondingly dominant LAM component, and the two quantities will exhibit similar spatial distributions. The only exceptions are for E xz and E zx , which share the same pattern. In other words, for any point with a large LAM near a NP, at least one of the seven components of the electric field gradient will be large in the same region.
Take, for example, the octopod in the xy plane and notice that E xy and (E zz + E xx ) are much larger than E zy . We see that LAM x and LAM y are much larger than LAM z , and their intensity distribution patterns are similar. Equation 29 holds as long as the susceptibility tensor (i.e., the NP polarizability) is diagonal and μ ∼ μ 0 , in which case 
This means that the optical response of the NP does not twist the incident EM field; that is, the scattering sources within the NP are oriented along the polarization of the impinging radiation. Therefore, the total incident plus scattered field preserves the same relations among the components described above. LAM and Gradient Discrepancy for a Conical Nanostructure. To demonstrate the marginal role played by the gradient bright ring at the base of a conical nanostructure (Figure 4) , we compare the gradient strength over a sphere centered at the tip (where both gradient and LAM hot spots are present) to the gradient strength over spheres centered at the base rim of the cone (where only gradient bright spots are present). In Figure 9 , the signal from the tip is compared with the total (tip + base) as the integration sphere radii change from 1 to 15 nm.
From the plot it is clear that the dominant gradient signal comes from the tip region. Even when the integration radius is 1 nm, so only the field gradient proximal to the surfaces contributes, more than 94% of the gradient intensity comes from the region close to the sharp tip of the cone.
Comparison of LAM and Gradient for an Octopod on a Different Incidence Plane. Figure 10 shows the LAM and gradient components in the long wavelength limit for a plane wave interacting with an octopod rotated 45°in y and z. The specific connections between LAM and gradient components can be recovered in the same manner described for Figure 5 . Moreover, even if the E xz and E zx components are large, LAM still is a good figure of merit because the intensity of the diagonal components also exhibits large values.
Rigid Rotor Molecular Model. In order to obtain a more intuitive understanding of the relationship between electric field gradients and AM, we now consider a simple rigid rotor molecular model, consisting of two homonuclear masses m with bond length a interacting with a force field F. This type of molecule possesses no permanent dipole moment, and half of the quantized rotational states are absent because of symmetry. However, it has a nonzero quadrupole moment which may be calculated, 89−92 and a quadrupolar transition J → J + 2 may occur if the molecule senses a sufficiently strong field gradient (Q:(∇E) 0 
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Article from eq 3), conservation of energy (ΔE = hν), and conservation of AM (ΔJ = 2). Indeed, the quadrupole moment is the measure of how sensitive the molecule is to a field gradient, and LAM is a measure of the AM available in the local field. From our now established connection between field gradient and LAM, we expect that molecules located in regions of large LAM will experience the greatest transition rate enhancements.
To illustrate this, consider that when F is constant along the symmetry axis, its gradient is zero, the molecule does not experience a torque, and the field does not induce a rotation (Figure 11a) . If an external field with an imposed orbital angular momentum is used, F decreases linearly with steepness −α in the r direction such that (1/a) ≫ α > 0. In this case, the molecule may be induced to orbit a distant, external point, as described in Figure 11b , but again no rotational transition occurs. Finally, if the gradient is steep and the force decreases so rapidly that its direction changes across the molecule (i.e., α ≫ (1/a) > 0), then a rotational transition may be induced (see Figure 11c) . If F is the oscillating field of an electromagnetic PW, then the molecule can "sense" the gradient and start rotating only when the wave vector k ≳ 1/a (i.e., λ ≲ a).
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